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The paper aims to adopt the complex octonion to formulate the angular momentum, torque, and force etc
in the electromagnetic and gravitational fields. Applying the octonionic representation enables one single
definition of angular momentum (or torque, force) to combine some physics contents, which were considered
to be independent of each other in the past. J. C. Maxwell used simultaneously two methods, the vector
terminology and quaternion analysis, to depict the electromagnetic theory. It motivates the paper to introduce
the quaternion space into the field theory, describing the physical feature of electromagnetic and gravitational
fields. The spaces of electromagnetic field and of gravitational field can be chosen as the quaternion spaces,
while the coordinate component of quaternion space is able to be the complex number. The quaternion space
of electromagnetic field is independent of that of gravitational field. These two quaternion spaces may compose
one octonion space. Contrarily, one octonion space can be separated into two subspaces, the quaternion space
and S-quaternion space. In the quaternion space, it is able to infer the field potential, field strength, field
source, angular momentum, torque, and force etc in the gravitational field. In the S-quaternion space, it is
capable of deducing the field potential, field strength, field source, current continuity equation, and electric
(or magnetic) dipolar moment etc in the electromagnetic field. The results reveal that the quaternion space is
appropriate to describe the gravitational features, including the torque, force, and mass continuity equation
etc. The S-quaternion space is proper to depict the electromagnetic features, including the dipolar moment
and current continuity equation etc. In case the field strength is weak enough, the force and the continuity
equation etc can be respectively reduced to that in the classical field theory.
PACS numbers: 03.50.-z; 04.50.Kd; 02.10.De; 45.20.da
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I. INTRODUCTION
In 1873, J. C. Maxwell described the physical feature
of electromagnetic field with the vector analysis as well
as the quaternion analysis. W. R. Hamilton invented
the quaternion in 1843. The octonion, as the ordered
couple of quaternions, was invented by J. T. Graves and
A. Cayley independently and successively. Later the sci-
entists and engineers separated the quaternion into the
scalar part and vector part, to facilitate its application in
the engineering. In the works about the electromagnetic
theory, J. C. Maxwell mingled naturally the quaternion
analysis and vector terminology to depict the electromag-
netic feature. Similarly the scholars begin to study the
physics feature of gravitational field with the algebra of
quaternions.
In recent years applying the quaternion to study the
electromagnetic feature has been becoming one signifi-
cant research orientation, and it continues the develop-
ment trend of gradual deepening and expanding. Some
scholars have been studying the electromagnetic and
gravitational theories with the quaternion, trying to pro-
mote the further progress of these two field theories. H.
T. Anastassiu etc1 applied the quaternion to describe
the electromagnetic feature. S. M. Grusky etc2 adopted
a)Electronic mail: xmuwzh@xmu.edu.cn.
the quaternion to research the time-dependent electro-
magnetic field of the chiral medium in the classical field
theory. K. Morita3 developed the study of the quater-
nion field theory. S. Demir4 and M. Tanisli5 etc ap-
plied the bi-quaternion and hyperbolic quaternion to for-
mulate directly the field equations in the classical field
theory. Similarly J. G. Winans6 described the physics
quantities with the quaternion. J. Edmonds7 utilized the
quaternion to depict the wave equation and gravitational
theory in the curved space-time. F. A. Doria8 adopted
the quaternion to research the gravitational theory. A.
S. Rawat9 etc discussed the gravitational field equation
with the quaternion treatment. V. Majernik10 studied
the extended Maxwell-like gravitational field equations
with the quaternion. Moreover several of the scientists
apply the octonion analysis to study the electromagnetic
theory. M. Gogberashvili11 used the octonion to dis-
cuss the electromagnetic theory. V. L. Mironov etc12
described the electromagnetic equations and related fea-
tures with the algebra of octonions. O. P. S. Negi etc13
depicted the Maxwell’s equations by means of the octo-
nion. S. Demir14 expressed the gravitational field equa-
tions with the octonion. O. P. S. Negi15, P. S. Bisht16, B.
S. Rajput17, H. Dehnen18, and S. Dangwal19 etc adopted
the quaternion and octonion to explore the dyon in the
gravitational and electromagnetic fields. The paper fo-
cuses on the application of the complex quaternion to
study the angular momentum, torque, and force etc in
the electromagnetic and gravitational fields.
In the existing studies of field theory described with
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the quaternion up to now, the most of researches regard
the quaternion as one simplex substitution for the com-
plex number or the vector in the theoretical applications.
Obviously the existing quaternion studies so far have not
achieved the expected outcome. This is a far cry from the
expectation that an entirely new method can bring some
new conclusions. The application of quaternion should
enlarge the range of definition of some physics concepts,
and bring in new perspectives and inferences.
The ordered couple of quaternions compose the octo-
nion (Table I). On the contrary, the octonion is able to
be separated into two parts, the quaternion and the S-
quaternion (short for the second quaternion), and their
coordinates can be chosen as the complex numbers. In
the paper, the quaternion space and the S-quaternion
space can be introduced into the field theory, in order
to describe the physical feature of gravitational and elec-
tromagnetic fields. One will be able to conclude that
the quaternion space is suitable to describe the gravita-
tional features, while the S-quaternion space is proper to
depict the electromagnetic features. This method can de-
duce the most of conclusions of the electromagnetic and
gravitational fields described with the vector.
In the electromagnetic theory described with the
complex quaternion, it is able to deduce directly the
Maxwell’s equations in the classical electromagnetic
theory20, without the help of the current continuity equa-
tion. In this approach, substituting the S-quaternion for
the quaternion, one can obtain the same conclusions still.
On the basis of this approach, the paper is able to deduce
directly the force and the current continuity equation etc
further, and turn these physics contents into the indis-
pensable parts of the electromagnetic theory described
with the S-quaternion. Meanwhile the paper can apply
the quaternion to research the gravitational theory, de-
ducing directly the force, torque, energy, and the mass
continuity equation etc.
Between the field theory described by the quaternion
or S-quaternion21 with that by the vector terminology,
there are quite a number of inferences in common. How-
ever this approach believes that splitting artificially the
quaternion into two components, the vector part and the
scalar part, must cause a few inference differences be-
tween two approaches, the quaternion analysis and the
vector terminology. The focus is being placed on the de-
piction discrepancy of electromagnetic features described
by the quaternions with that by the vector, including the
continuity equation, force, torque, and energy etc.
By comparison with the classical field theory, one can
find that the paper has some improvements as follows.
(1) Applying one single octonion space to simultaneously
describe the physics quantities of the electromagnetic and
gravitational fields. The electromagnetic and gravita-
tional fields are not considered as two isolated parts any
more. The electromagnetic field and gravitational field
can be combined together to become one united field in
the theoretical description, to depict simultaneously the
physics features of two fields. (2) Combining like-terms of
the physics quantity. In the existing researches, the force
(or torque, energy) of electromagnetic and gravitational
fields possesses several different terms. The paper is able
to unify different terms of the force of electromagnetic
and gravitational fields into the single formula, and then
to analyze the related physics features. (3) Deducing the
continuity equation. Being similar to the force, the con-
tinuity equation is also one direct deduction of the field
theory described with the quaternions. The mass conti-
nuity equation and the current continuity equation both
are vital deductions and inevitable components of the
field theory with the quaternions.
II. FIELD EQUATIONS
In the above, the quaternion space Hg is independent
of the S-quaternion space He , but these two quaternion
spaces, Hg and He , can combine together to become one
octonion space O . The quaternion space Hg is suitable
to describe the feature of gravitational field, while the
S-quaternion space He is proper to depict the property
of electromagnetic field. Further the octonion space O is
able to represent simultaneously the physics features of
these two fields.
In the quaternion space Hg for the gravitational field,
the basis vector is Hg = (i0, i1, i2, i3), the radius vector
is Rg = ir0i0 + Σrkik, and r = Σrkik. The velocity is
Vg = iv0i0 + Σvkik, and v = Σvkik. The gravitational
potential is Ag = ia0i0 + Σakik, and a = Σakik. The
gravitational strength is Fg = f0i0 + Σfkik, and f =
Σfkik. The gravitational source is Sg = is0i0 + Σskik,
and s = Σskik. Herein the symbol ◦ denotes the octonion
multiplication. rj , vj , aj , sj , and f0 are all real. fk is
the complex number. i is the imaginary unit. i0 = 1.
j = 0, 1, 2, 3. k = 1, 2, 3.
In the S-quaternion space He for the electromagnetic
field, the basis vector is He = (I0, I1, I2, I3), the radius
vector is Re = iR0I0 + ΣRkIk, with R = ΣRkIk, and
R0 = R0I0. The velocity is Ve = iV0I0 + ΣVkIk, with
V = ΣVkIk, and V0 = V0I0. The electromagnetic poten-
tial is Ae = iA0I0 +ΣAkIk, with A = ΣAkIk, and A0 =
A0I0. The electromagnetic source is Se = iS0I0+ΣSkIk,
with S = ΣSkIk, and S0 = S0I0. The electromagnetic
strength is Fe = F0I0 + ΣFkIk, with F0 = F0I0, and
F = ΣFkIk. Herein He = Hg ◦ I0. Rj , Vj , Aj , Sj , and
F0 are all real. Fk is the complex number.
These two quaternion spaces, Hg andHe, may compose
one octonion space, O = Hg +He. In the octonion space
O for the electromagnetic and gravitational fields, the
octonion radius vector is R = Rg + kegRe, the octonion
velocity is V = Vg + kegVe, with keg being one coeffi-
cient. The octonion field potential is A = Ag + kegAe,
the octonion field strength is F = Fg + kegFe. From here
on out, some physics quantities are extended to the octo-
nion functions, according to the characteristics of octo-
nion. Apparently V, A, and their differential coefficients
are all octonion functions of R.
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The octonion definition of field strength, F =  ◦ A ,
can be rewritten as,
Fg + kegFe =  ◦ (Ag + kegAe) , (1)
where there are Fg =  ◦Ag, and Fe =  ◦Ae, according
to the coefficient keg and basis vectors, Hg and He. The
quaternion operator is  = ii0∂0 + Σik∂k. ∇ = Σik∂k,
∂j = ∂/∂rj. v0 = ∂r0/∂t. Comparing with the Special
Theory of Relativity states that v0 is equal to the speed
of light c . t is the time.
For the sake of convenience the paper adopts the gauge
condition (Table II), −f0 = ∂0a0 − ∇ · a = 0. And
then the gravitational strength can be written as f =
ig/v0+b. One component of gravitational strength is the
gravitational acceleration, g/v0 = ∂0a+∇a0. The other
is b = ∇×a, which is similar to the magnetic flux density.
Similarly the paper adopts the gauge condition, −F0 =
∂0A0−∇·A = 0. Therefore the electromagnetic strength
is F = iE/v0 + B. Herein the electric field intensity is
E/v0 = ∂0A+∇ ◦A0, and the magnetic flux density is
B = ∇×A.
The octonion field source S of the electromagnetic and
gravitational fields is defined as,
µS= −(iF/v0 +)
∗ ◦ F
= µgSg + kegµeSe − (iF/v0)
∗ ◦ F , (2)
where µ, µg, and µe are coefficients. µg < 0, and µe > 0.
∗ denotes the conjugation of octonion. In the case for
one single particle, a comparison with the classical field
theory reveals that, Sg = mVg, and Se = qVe. m is the
mass density, while q is the density of electric charge.
According to the coefficient keg and the basis vectors,
Hg and He, the octonion definition of the field source can
be separated into two parts,
µgSg = −
∗ ◦ Fg , (3)
µeSe = −
∗ ◦ Fe . (4)
Obviously Eq.(3) is the definition of gravitational
source in the quaternion space Hg. Expanding of Eq.(3)
yields the gravitational field equations. When b = 0
and a = 0, one of the gravitational field equations will
be degenerated into the Newton’s law of universal grav-
itation in the classical gravitational theory. Meanwhile
Eq.(4) is the definition of electromagnetic source in the
S-quaternion space He . Expanding of Eq.(4) deduces
the Maxwell’s equations in the classical electromagnetic
theory (Appendix A).
On the analogy of the definition of complex coordinate
system, one can define the coordinate of octonion, which
involves the quaternion and S-quaternion simultaneously.
In the octonion coordinate system, the octonion physics
quantity can be defined as {(ic0 + id0I 0) ◦ i0 + Σ(ck +
dkI
∗
0) ◦ ik}. It means that there are the quaternion coor-
dinate ck and the S-quaternion coordinate dkI
∗
0 for the
basis vector ik, while the quaternion coordinate c0 and
the S-quaternion coordinate d0I0 for the basis vector i0.
Herein cj and dj are all real.
III. ANGULAR MOMENTUM
In the octonion space, it is able to define the linear
momentum from the field source, and then define the an-
gular momentum and the torque accordingly. The octo-
nion linear momentum density, P = Pg+kegPe, is defined
from the octonion field source S , and is written as,
P = µS/µg , (5)
where Pg = {µgSg− (iF/v0)
∗ ◦F}/µg, and Pe = µeSe/µg.
Pg = ip0 + p. p = Σpkik. Pe = iP0 + P. P = ΣPkIk.
P0 = P0I0. In general, the contribution of the tiny term,
{iF∗ ◦ F/(µgv0)}, in the above could be neglected.
In the octonion space, the compounding radius vec-
tor is R+ = R + krxX, with krx being the coefficient.
The physics quantity X is the integral function of field
potential A, that is, A = i× ◦ X. From the compound-
ing radius vector R+ and the octonion linear momen-
tum density P, the octonion angular momentum density,
L = (R+)× ◦ P, is defined as
L = (R+g + kegR
+
e )
× ◦ (Pg + kegPe) , (6)
and
R
+ = ir+0 + r
+ + keg(iR
+
0 +R
+) , (7)
where R+g = Rg + krxXg. R
+
e = Re + krxXe. r
+
j =
rj+krxxj . R
+
j = Rj+krxXj . r
+ = Σr+k ik. R
+
0 = R
+
0 I0,
R+ = ΣR+k Ik. X = Xg + kegXe. Xg = ix0 + Σxkik,
Xe = iX0I0 +ΣXkIk. xj and Xj are all real. × denotes
the conjugation of complex number.
The above can be expanded further into
L ={(R+g )
× ◦ Pg + k
2
eg(R
+
e )
× ◦ Pe}
+keg{(R
+
g )
× ◦ Pe + (R
+
e )
× ◦ Pg} , (8)
where the part, Lg = (R
+
g )
×◦Pg+k
2
eg(R
+
e )
×◦Pe, situates
on the quaternion space Hg, while the part, Le = (R
+
g )
×◦
Pe + (R
+
e )
× ◦ Pg, stays on the S-quaternion space He.
In the quaternion space Hg, the component Lg can be
expressed as (Appendix B),
Lg =r
+
0 p0 + r
+ · p+ k2eg(R
+
0 ◦P0 +R
+ ·P)
+i{p0r
+ − r+0 p+ k
2
eg(R
+ ◦P0 −R
+
0 ◦P)}
+r+ × p+ k2egR
+ ×P , (9)
where Lg = L10 + iL
i
1 + L1. L1 = r
+ × p+ k2egR
+ ×P,
includes the angular momentum density. L10 covers the
dot product of the radius vector and the linear momen-
tum density. L1 = ΣL1kik, L
i
1 = ΣL
i
1kik. L1j and L
i
1k
are all real.
In the S-quaternion space He, the component Le can
be written as,
Le =r
+
0 P0 + r
+ ·P+ p0R
+
0 +R
+ · p
+i(−r+0 P+ r
+ ◦P0 −R
+
0 ◦ p+ p0R
+)
+r+ ×P+R+ × p , (10)
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where Le = L20 + iL
i
2 +L2. L
i
2 covers the electric dipole
moment etc. L2 = r
+×P+R+×p, includes the magnetic
dipole moment etc. L20 is similar to L10 . L20 = L20I0,
L2 = ΣL2kIk, L
i
2 = ΣL
i
2kIk. L2j and L
i
2k are all real.
It means that the definition of octonion angular mo-
mentum is able to contain more physics contents, which
were considered to be independent of each other in the
past, such as the angular momentum and the dipole mo-
ment etc. The angular momentum includes the orbital
angular momentum etc, while the dipole moment cov-
ers the magnetic dipole moment and the electric dipole
moment etc.
IV. OCTONION TORQUE
Making use of the octonion angular momentum, some
existing energy terms can be written into a single defini-
tion of energy in the octonion space. From the octonion
angular momentum density L, the octonion torque den-
sity W can be defined as follows,
W = −v0(iF/v0 +) ◦ L , (11)
where L = Lg + kegLe. W = Wg + kegWe.
The above can be expanded into (Appendix C),
W =−(iFg ◦ Lg + ik
2
egFe ◦ Le + v0 ◦ Lg)
−keg(iFg ◦ Le + iFe ◦ Lg + v0 ◦ Le) , (12)
where the component, Wg = −(iFg ◦ Lg + ik
2
egFe ◦ Le +
v0◦Lg), situates on the quaternion space Hg, while the
component, We = −(iFg ◦Le+ iFe ◦Lg+v0◦Le), stays
on the S-quaternion space He.
A. Component Wg
In the quaternion space Hg, the component Wg can be
expressed as,
Wg ={(gL10/v0 + g× L1/v0 + b× L
i
1)
−v0(−∂0L
i
1 +∇L10 +∇× L1)
+k2eg(E ◦ L20/v0 +E× L2/v0 +B× L
i
2)}
+i{(g · Li1/v0 − b · L1)− v0(∂0L10 +∇ · L
i
1)
+k2eg(E · L
i
2/v0 −B · L2)}
+i{(g× Li1/v0 − L10b− b× L1)
−v0(∂0L1 +∇× L
i
1)
+k2eg(E× L
i
2/v0 −B ◦ L20 −B× L2)}
+{(b · Li1 + g · L1/v0)− v0(∇ · L1)
+k2eg(B · L
i
2 +E · L2/v0)} , (13)
where Wg = iW
i
10 +W10 + iW
i
1 + W1. W
i
10 is the en-
ergy density. The energy includes the proper energy, ki-
netic energy, potential energy, work, and the interacting
energy between the electric field intensity with the elec-
tric dipole moment, and the interacting energy between
the magnetic flux density with the magnetic dipole mo-
ment. −Wi1 is the torque density, covering the torque
density produced by the applied force etc. W1 is the
curl of angular momentum density, while W10 is the di-
vergence of angular momentum density. W1 = ΣW1kik,
Wi1 = ΣW
i
1kik. W1j and W
i
1j are all real.
The expression of energy W i10 is associated with the
definition of field potential. The gravitational potential,
Ag = ia0 + a, is defined as, Ag = i
× ◦ Xg, with a0 =
∂0x0 +∇ · x, and a = ∂0x − ∇x0. The electromagnetic
potential, Ae = iA0 +A, is defined as, Ae = i
× ◦ Xe,
with A0 = ∂0X0 +∇ ·X, and A = ∂0X −∇ ◦X0. The
gauge conditions are chosen as,∇×x = 0, and∇×X = 0.
The energy density W i10 is written as
W i10 =(g · L
i
1/v0 − b · L1)
−v0(∂0L10 +∇ · L
i
1)
+k2eg(E · L
i
2/v0 −B · L2)
≈−{v0p0 + v0p0(∇ · r)}
−{v0(∂0r) · p+ v0r · ∂0p}
−{(p0a0 + a · p)
+k2eg(A0 ◦P0 +A ·P)}
+k2eg{(E/v0) · (r ◦P0)
−B · (r×P)}
+{(g/v0) · (p0r)− b · L1} , (14)
where −{v0p0 + v0p0(∇ · r)} = kpv0p0, covers the proper
energy v0s0 etc. −{v0(∂0r) · p + v0r · ∂0p} is the sum
of the kinetic energy and the work produced by the ap-
plied force. −{(p0a0 + a · p) + k
2
eg(A0 ◦P0 +A · P)} is
the potential energy of gravitational and electromagnetic
fields. {k2eg(E/v0) · (r ◦P0)} is the interacting energy be-
tween the electric field intensity with the electric dipole
moment. {−k2egB · (r×P)} is the interacting energy be-
tween the magnetic flux density with the magnetic dipole
moment. (−b · L1) can be considered as the interacting
energy between the gravitational field with the angular
momentum. kp = (k − 1) is the coefficient, with k be-
ing the dimension of vector r. For the case of k = 3,
(W i10/2) is the conventional energy in the classical field
theory. And it is stated, krx = 1/v0, to compare with the
potential energy in the classical gravitational and electro-
magnetic fields.
The above states that, in case the compounding radius
vector R+ neglects the integral function X, the energy
definition in the quaternion space Hg will be incomplete.
Further it will result in the energy definition to exclude
the potential energy of gravitational and electromagnetic
fields etc.
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Similarly the torque density −Wi1 is written as,
Wi1 =(g× L
i
1/v0 − L10b− b× L1)
−v0(∂0L1 +∇× L
i
1)
+k2eg(E× L
i
2/v0 −B ◦ L20 −B× L2)
≈p0g× r/v0 − v0r× ∂0p
+k2eg{E× (r ◦P0)/v0 −B× (r×P)}
−(r · p)b− b× (r× p) + a× p , (15)
where (−p0g× r/v0) is the torque term produced by the
gravity. And (−v0r × ∂0p) is the torque term produced
by the inertial force. {−k2egE× (r◦P0)/v0} is the torque
term caused by the electric field intensity and electric
dipole moment. {k2egB × (r × P)} is the torque term
caused by the magnetic flux density and the magnetic
dipole moment.
TABLE I. The multiplication table of octonion.
1 i1 i2 i3 I0 I1 I2 I3
1 1 i1 i2 i3 I0 I1 I2 I3
i1 i1 −1 i3 −i2 I1 −I0 −I3 I2
i2 i2 −i3 −1 i1 I2 I3 −I0 −I1
i3 i3 i2 −i1 −1 I3 −I2 I1 −I0
I0 I0 −I1 −I2 −I3 −1 i1 i2 i3
I1 I1 I0 −I3 I2 −i1 −1 −i3 i2
I2 I2 I3 I0 −I1 −i2 i3 −1 −i1
I3 I3 −I2 I1 I0 −i3 −i2 i1 −1
B. Component We
In the S-quaternion space He, the component We can
be written as,
We = iW
i
20 +W20 + iW
i
2 +W2 , (16)
where W20 covers the divergence of magnetic dipole mo-
ment, while W2 includes the curl of magnetic dipole
moment and the derivative of electric dipole moment.
W20 = W20I0, W
i
20 = W
i
20I0. W2 = ΣW2kIk, W
i
2 =
ΣW i2kIk. W2j and W
i
2j are all real. That is,
Wi20 =(g · L
i
2/v0 − b · L2)
+(E · Li1/v0 −B · L1)
−v0(∂0L20 +∇ · L
i
2) , (17)
W20 =(b · L
i
2 + g · L2/v0)− v0(∇ · L2)
+(B · Li1 +E · L1/v0) , (18)
Wi2 =(g× L
i
2/v0 − b ◦ L20 − b× L2)
+(E× Li1/v0 − L10B−B× L1)
−v0(∂0L2 +∇× L
i
2) , (19)
W2 =(g ◦ L20/v0 + g× L2/v0 + b× L
i
2)
+(L10E/v0 +E× L1/v0 +B× L
i
1)
−v0(−∂0L
i
2 +∇ ◦ L20 +∇× L2) . (20)
The above means that it is comparative easy to dis-
tinguish the physics quantity in the gravitational field
with that in the electromagnetic field, in the definitions
for the field potential, field strength, and field source.
However in the definitions for the angular momentum,
energy, and torque, the physics quantities of those two
fields are mixed more and more complicatedly. Those
mixed physics quantities have the direct influence on
some physics quantities of each field (Table III).
The paper deals with not only the physics quantity in
the subspace Hg but also that in the subspace He . It is
noticeable that the physics quantity in the subspace He
is able to impact directly the multiplication and related
differential coefficient in the subsequent deductions, and
then should not be neglected artificially. For example,
the terms Wi20 and W
i
2 etc of the physics quantity We
in the subspace He have the direct contribution to the
power and force of the physics quantity N in the following
section, and the contribution of those terms is able to be
measured directly.
It states that the definition of octonion torque is able
to combine some physics contents, which were considered
to be independent of each other before, such as the en-
ergy, the torque, the divergence of and curl of magnetic
dipole moment, and the derivative of electric dipole mo-
ment etc. The energy covers the proper energy, kinetic
energy, work, and potential energy etc. And the torque
includes the torque between the electric field intensity
with the electric dipole moment, and the torque between
the magnetic flux density with the magnetic dipole mo-
ment (or the spin magnetic moment) etc.
TABLE II. The multiplication of the operator and octonion
physics quantity.
definition expression meaning
∇ · a −(∂1a1 + ∂2a2 + ∂3a3)
∇× a i1(∂2a3 − ∂3a2) + i2(∂3a1 − ∂1a3)
+i3(∂1a2 − ∂2a1)
∇a0 i1∂1a0 + i2∂2a0 + i3∂3a0
∂0a i1∂0a1 + i2∂0a2 + i3∂0a3
∇ ·A −(∂1A1 + ∂2A2 + ∂3A3)I0
∇×A −I1(∂2A3 − ∂3A2)− I2(∂3A1 − ∂1A3)
−I3(∂1A2 − ∂2A1)
∇ ◦A0 I1∂1A0 + I2∂2A0 + I3∂3A0
∂0A I1∂0A1 + I2∂0A2 + I3∂0A3
V. OCTONION FORCE
Expanding the defining range of angular momentum
and of torque will result in the expansion of the defining
range of force correspondingly. One of the consequences
will enable a single definition of force to contain different
force terms as much as possible. In other words, some
existing force terms can be united into the same one def-
inition in the octonion space.
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From the torque density W, the octonion force density
N can be defined as follows,
N = −(iF/v0 +) ◦W, (21)
where N = Ng + kegNe.
Further the above can be expanded into (Appendix D),
N =−( ◦Wg + iFg ◦Wg/v0
+ik2egFe ◦We/v0)
−keg( ◦We + iFg ◦We/v0
+iFe ◦Wg/v0), (22)
where the component Ng = −(iFg ◦ Wg/v0 + ik
2
egFe ◦
We/v0 +  ◦Wg) situates on the quaternion space Hg,
while the component Ne = −(iFg ◦We/v0+ iFe◦Wg/v0+
 ◦We) stays on the S-quaternion space He.
A. Component Ng
In the quaternion space Hg, the component Ng can be
expressed as,
Ng =i{(W
i
10g/v0 + g×W
i
1/v0
−W10b− b×W1)/v0
+k2eg(E ◦W
i
20/v0 +E×W
i
2/v0
−B ◦W20 −B×W2)/v0
−(∂0W1 +∇W
i
10 +∇×W
i
1)}
+{(W10g/v0 + g×W1/v0
+W i10b+ b×W
i
1)/v0
+k2eg(E ◦W20/v0 +E×W2/v0
+B ◦Wi20 +B×W
i
2)/v0
+(∂0W
i
1 −∇W10 −∇×W1)}
+i{(g ·Wi1/v0 − b ·W1)/v0
+k2eg(E ·W
i
2/v0 −B ·W2)/v0
−(∂0W10 +∇ ·W
i
1)}
+{(g ·W1/v0 + b ·W
i
1)/v0
+k2eg(E ·W2/v0 +B ·W
i
2)/v0
+(∂0W
i
10 −∇ ·W1)} , (23)
where Ng = iN
i
10 + N10 + iN
i
1 +N1 . N10 is the power
density, which is able to figure out the mass continuity
equation. N i10 covers the torque divergence. N
i
1 is the
force density. N1 is the torque derivative. N1 = ΣN1kik,
Ni1 = ΣN
i
1kik. N1j and N
i
1j are all real.
When Ng = 0, the mass continuity equation can be
derived from N10 = 0. From N1 = 0, one can deduce the
velocity curl of the particle. Especially the angular ve-
locity of Larmor precession for one charged particle can
be derived from N1 = 0. The force equilibrium equation
is able to be deduced from Ni1 = 0. Further N
i
1 = 0 de-
duces that the gravitational acceleration g corresponds
to the linear acceleration. And N1 = 0 infers that the
component b of gravitational strength corresponds to the
velocity curl, which is the double of the precessional an-
gular velocity when k = 2.
In case the field strength is relatively weak, the defini-
tion of power density,
N10 =(g ·W1/v0 + b ·W
i
1)/v0
+(∂0W
i
10 −∇ ·W1)
+k2eg(E ·W2/v0 +B ·W
i
2)/v0 , (24)
can be written approximately as,
N10/kp ≈∂0(p0v0)−∇ · (pv0)
+L10(b · b− g · g/v
2
0)/(v0kp)
+k2egL10(B ·B−E ·E/v
2
0)/(v0kp)
+k2egE ·P/v0 + g · p/v0 , (25)
where W i10 ≈ kpp0v0, W1 ≈ kppv0, W2 ≈ kpPv0. f
∗ ◦
f = −(b · b − g · g/v20) is the quaternion norm of the
gravitational strength f. Meanwhile F∗ ◦ F = −(B ·B−
E·E/v20) is the S-quaternion norm of the electromagnetic
strength F.
When N10 = 0, the above will be reduced to the mass
continuity equation, including the term capable of trans-
lating into the Joule heat, (−k2egE ·P− g · p). It means
that the field is able to release the heat to the particle,
or absorb the heat from the particle. The heat exchange
between the field and the particle is associated with the
field strength and particle velocity, impacting the mass
continuity equation directly.
Under the extreme conditions there is no field strength,
the above can be simplified into the mass continuity equa-
tion in the classical field theory,
∂0p0 −∇ · p = 0 . (26)
Similarly in case the field strength is comparative
weak, the force density,
Ni1 =(W
i
10g/v0 + g×W
i
1/v0
−W10b− b×W1)/v0
+k2eg(E ◦W
i
20/v0 +E×W
i
2/v0
−B ◦W20 −B×W2)/v0
−(∂0W1 +∇W
i
10 +∇×W
i
1) , (27)
can be written approximately as,
Ni1/kp ≈−∂0(pv0) + p0g/v0
+L10(g× b+ k
2
egE×B)/(v
2
0kp)
−b× p−∇(p0v0)
+k2eg(E ◦P0/v0 −B×P) , (28)
where Wi20 ≈ kpP0v0. W
i
2 ≈ v × P. (p0g/v0) is the
gravity. ∂0(−pv0) is the inertial force. {k
2
eg(E ◦P0/v0 −
B × P)} covers the Lorentz force and Coulomb force.
∇(p0v0) is the energy gradient.
When Ni1 = 0, the above will deduce the force equi-
librium equation, including the existing force terms in
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the gravitational and electromagnetic fields, and some
new force terms. {L10(k
2
egE × B)/(v
2
0kp)} is in direct
proportion to the electromagnetic momentum. Compar-
ing with the force in the classical electromagnetic theory
states that k2eg = µg/µe < 0. The force N
i
1 in the above
requires that the gravitational field must situate on the
quaternion spaceHg, meanwhile the electromagnetic field
has to stay on the S-quaternion space He, but not vice
versa. Obviously the inertial force term (−v0∂0p) plays
a crucial role in the space discrimination.
B. Component Ne
In the S-quaternion space He, the component Ne can
be written as,
Ne = iN
i
20 +N20 + iN
i
2 +N2 , (29)
whereN20 is able to infer the current continuity equation.
N2 = ΣN2kIk, N20 = N20I0. N
i
2 = ΣN
i
2kIk, N
i
20 =
N i20I0. N2j and N
i
2j are all real numbers. That is,
Ni20 =(g ·W
i
2/v0 − b ·W2)/v0
−(∂0W20 +∇ ·W
i
2)
+(E ·Wi1/v0 −B ·W1)/v0 , (30)
N20 =(g ·W2/v0 + b ·W
i
2)/v0
+(∂0W
i
20 −∇ ·W2)
+(E ·W1/v0 +B ·W
i
1)/v0 , (31)
Ni2 =(g ◦W
i
20/v0 + g×W
i
2/v0
−b ◦W20 − b×W2)/v0
+(W i10E/v0 +E×W
i
1/v0
−W10B−B×W1)/v0
−(∂0W2 +∇ ◦W
i
20 +∇×W
i
2) , (32)
N2 =(g ◦W20/v0 + g×W2/v0
+b ◦Wi20 + b×W
i
2)/v0
+(W10E/v0 +E×W1/v0
+W i10B+B×W
i
1)/v0
+(∂0W
i
2 −∇ ◦W20 −∇×W2) . (33)
In case the field strength is comparative weak, N20 is
written approximately as,
N20/kp ≈∂0(P0v0)−∇ · (Pv0)
+g ·P/v0 +E · p/v0
+(b · b+B ·B)L20/(v0kp) , (34)
where the magnetic flux density B and the gravitational
strength component b both make a contribution to the
above.
WhenN20 = 0, the above is able to reason out the cur-
rent continuity equation, including the interacting term
{(g·P+E·p)/v0} between the gravitational field and elec-
tromagnetic field. It means that the current continuity
equation may be disturbed by some influencing factors,
such as the field potential.
Under the extreme conditions there is no field strength,
the above can be reduced into the current continuity
equation in the classical field theory,
∂0P0 −∇ ·P = 0 . (35)
In the classical electromagnetic theory, it requires the
current continuity equation to participate the deduction
of the Maxwell’s equations. However in the field theory
described with the octonion, the current continuity equa-
tion and the mass continuity equation both are the direct
inferences of the field theory. Therefore the current con-
tinuity equation really does not need to be taken part in
the deduction of the Maxwell’s equations anymore. For
the charged particle and electric current, it is necessary
to satisfy simultaneously the two continuity equations,
and then enable those two continuity equations to be
correlative each other in this case.
In the octonion space, when N = 0, Eq.(21) can be
separated into eight equations, which were not consid-
ered to interconnect each other in the past. Any charged
particle must obey all of these eight equations simulta-
neously, when there are the electromagnetic field and the
gravitational field.
In the force equilibrium equation, the inertial force,
gravity, electromagnetic force, and energy gradient etc
make a contribution to the equation. Especially when
the energy gradient is much stronger than other force
terms, it is able to attract or repulse all kinds of particles
of ordinary matter. And the energy gradient caused by
the gravitational strength component b may be applied
to puzzle about the dynamic of cosmic jets.
In the equation for precessional angular velocity, many
torque terms coming from the electromagnetic and grav-
itational fields, will impact the precessional angular fre-
quency of charged particle, when there are the electro-
magnetic and gravitational fields simultaneously.
It shows that the definition of octonion force is able
to contain more physics contents, which were considered
to be independent of each other before, such as the force
equilibrium equation, the equation for precessional angu-
lar velocity, the mass continuity equation, and the cur-
rent continuity equation etc (Table IV). The force equi-
librium equation is able to conclude the Newton’s law of
universal gravitation. The equation for precessional an-
gular velocity is capable of deducing the angular velocity
of Larmor precession for one charged particle.
VI. CONCLUSIONS AND DISCUSSIONS
The paper introduced the quaternion into the field the-
ory, to describe simultaneously the features of gravita-
tional and electromagnetic fields. The space extended
from the electromagnetic field is independent of that from
the gravitational field. Meanwhile the spaces of gravita-
tional field and of electromagnetic field can be chosen as
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TABLE III. Some definitions of the physics quantity in the
gravitational and electromagnetic fields described with the
complex octonion.
physics quantity definition
quaternion operator  = i∂0 +Σik∂k
radius vector R = Rg + kegRe
integral function X = Xg + kegXe
field potential A = i× ◦ X
field strength F =  ◦ A
field source µS = −(iF/v0 +)
∗
◦ F
linear momentum P = µS/µg
angular momentum L = (R+ krxX)
×
◦ P
octonion torque W = −v0(iF/v0 +) ◦ L
octonion force N = −(iF/v0 +) ◦W
the quaternion spaces. Furthermore the components of
those two spaces and of relevant physics quantities may
be complex numbers.
In the gravitational and electromagnetic field theories,
the scalar parts of quaternion operator and of field po-
tential are all imaginary numbers. However this simple
case is still able to result in many components of other
physics quantities to become the imaginary numbers and
even complex numbers. In order to achieve the field the-
ory described with the quaternion, which approximates
to the classical field theory, it is necessary to choose suit-
able gauge conditions. Therefore it is able to be said that
the gauge condition is also the essential ingredient for the
field theory.
In the quaternion space, it is capable of deducing the
angular momentum, torque, force, energy, and mass con-
tinuity equation etc. The mass continuity equation is one
indispensable part of the gravitational theory described
with the quaternion. Under the condition of weak gravi-
tational strength, the mass continuity equation described
with the quaternion can be degenerated into that in the
classical gravitational theory. The force includes the in-
ertial force, gravity, electromagnetic force, and energy
gradient etc in the classical field theory.
According to the multiplication of octonion, among the
product of two physics quantities in the S-quaternion
space, some terms may stay on the S-quaternion space
still, while other terms will situate on the quaternion
space, such as the electromagnetic force. In the S-
quaternion space, it is able to reason out directly the
dipole moment and current continuity equation etc. The
current continuity equation is one intrinsic part of the
electromagnetic theory described with the S-quaternion.
In the case of weak electromagnetic strength, the current
continuity equation described with the S-quaternion can
be simplified into that in the classical electromagnetic
theory.
It should be noted that the paper discussed only some
simple cases about the torque, force, energy, force equi-
librium equation, and continuity equations etc in the
field theory described with the quaternion/S-quaternion.
However it clearly states that the complex octonion is
able to availably describe the physics features of electro-
magnetic and gravitational fields. This will afford the
theoretical basis for further analysis, and is helpful to re-
search the property of the force and continuity equations
in the following researches.
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Appendix A: Maxwell’s equations
The definition of octonion field source in Eq.(3) can be
expressed as,
−∗ ◦ (Fg + kegFe)− (iF/v0)
∗ ◦ F
=µgSg + kegµeSe − (iF/v0)
∗ ◦ F , (A1)
further the above can be separated into two equations,
Eqs.(3) and (4), according to the coefficient keg and the
basis vectors, Hg and He .
In the quaternion space Hg, the definition of gravita-
tional source in Eq.(2) can be expressed as,
− µg(is0 + s) = (i∂0 +∇)
∗ ◦ (ig/v0 + b) . (A2)
Comparing both sides of the equal sign in the above
will yield,
∇∗ · b = 0 , (A3)
∂0b+∇
∗ × g/v0 = 0 , (A4)
∇∗ · g/v0 = −µgs0 , (A5)
∇∗ × b− ∂0g/v0 = −µgs . (A6)
Eqs.(A3)-(A6) are the gravitational field equations.
Because the gravitational constant G is weak and the
velocity ratio v/c is tiny, the gravity and b produced by
the linear momentum s can be ignored in general. When
b = 0 and a = 0, Eq.(A5) will be degenerated into the
Poisson equation for the Newton’s law of universal grav-
itation in the classical gravitational theory.
The deduction approach of the gravitational field equa-
tions can be used as a reference to be extended to that
of electromagnetic field equations.
In the S-quaternion space He, the definition of electro-
magnetic source in Eq.(4) can be written as,
− µe(iS0 + S) = (i∂0 +∇)
∗ ◦ (iE/v0 +B) . (A7)
In the above, comparing both sides of the equal sign
will reason out the electromagnetic field equations,
∇∗ ·B = 0 , (A8)
∂0B+∇
∗ ×E/v0 = 0 , (A9)
∇∗ · E/v0 = −µgS0 , (A10)
∇∗ ×B− ∂0E/v0 = −µgS . (A11)
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TABLE IV. The analogy between the physics quantity of gravitational field with that of electromagnetic field in the complex
octonion space.
physics quantity gravitational field electromagnetic field
field potential a0, gravitational scalar potential A0, electromagnetic scalar potential
a, (similar to A) A, electromagnetic vector potential
field strength g, gravitational acceleration E, electric field intensity
b, (similar to B) B, magnetic flux density
field source s0, mass density S0, electric charge density
s, linear momentum density S, electric current density
angular momentum L10, dot product L20, (similar to L10)
L1, angular momentum L2, magnetic dipole moment
Li1, (similar to L
i
2) L
i
2, electric dipole moment
octonion torque W10, divergence of W20, divergence of
angular momentum magnetic dipole moment
W i10, energy W
i
20, (similar to W
i
10)
W1, curl of angular momentum W2, curl of magnetic dipole
moment, and derivative
of electric dipole moment
Wi1, torque W
i
2, (similar to W
i
1)
octonion force N10, power N20, (similar to N10)
N i10, torque divergence N
i
20, (similar to N
i
10)
N1, torque derivative N2, (similar to N1)
Ni1, force N
i
2, (similar to N
i
1)
Comparing Eqs.(A8)-(A11) with the Maxwell’s equa-
tions in the classical electromagnetic theory states that
both of them are equivalent to each other, including the
direction of displacement current. It means that in the
electromagnetic theory described with the S-quaternion,
it is still able to reason out the Maxwell’s equations in
the classical electromagnetic theory, without the partici-
pation of the current continuity equation.
From the definition of field strength Eq.(1) and the
field equations Eq.(2), it is able to obtain the d’Alembert
equation for the gravitational and electromagnetic fields.
The equation claims that the octonion field potential A is
determined by the octonion field source S . That is, the
gravitational potential, a0 and a, are dependent on the
mass and linear momentum, while the electromagnetic
potential,A0 andA, are dependent on the electric charge
and current.
The meaning of field potential in the electromagnetic
field in the paper remains the same as that in the clas-
sical electromagnetic theory. In the octonion space, the
gravitational potential possesses the scalar part and vec-
tor part. When the velocity ratio (v/c) in the quaternion
space, Hg, is quite tiny, the gravitational potential in the
paper will be reduced into that in the classical gravita-
tional theory, in which the vector part of gravitational
potential is equal to zero.
Appendix B: Dipole moment
The octonion angular momentum density in Eq.(8) can
be rewritten as,
L = Lg + kegLe , (B1)
further the above can be separated into two parts, Eqs.(9)
and (10), according to the basis vectors, Hg and He .
In the quaternion space Hg, the part Lg in Eq.(9) can
be expressed as,
Lg = L10 + iL
i
1 + L1 , (B2)
where L10 is relevant to the magnitude of spin angular
momentum. Li1 is similar to the electric dipole moment.
L1 includes the orbital angular momentum density.
Further the above components are expanded into,
L10 =(r0 + krxx0)p0 + (r+ krxx) · p
+k2eg{(R0 + krxX0) ◦P0
+(R+ krxX) ·P} , (B3)
Li1 =p0(r+ krxx)− (r0 + krxx0)p
+k2eg{(R+ krxX) ◦P0
−(R0 + krxX0) ◦P} , (B4)
L1 =(r+ krxx)× p
+k2eg(R+ krxX)×P , (B5)
where (r × p) is the orbital angular momentum in the
classical field theory. And (−r ·p) may be the magnitude
of spin angular momentum.
In the S-quaternion space He, the part Le in Eq.(10)
can be written as,
Le = L20 + iL
i
2 + L2 , (B6)
where L20 is relevant to the spin magnetic moment. L
i
2
covers the electric dipole moment etc. L2 includes the
magnetic dipole moment etc.
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Further the above parts are expanded into,
L20 =(r0 + krxx0)P0 + (r+ krxx) ·P
+p0(R0 + krxX0) + (R+ krxX) · p , (B7)
Li2 =−(r0 + krxx0)P+ (r+ krxx) ◦P0
−(R0 + krxX0) ◦ p+ p0(R+ krxX) , (B8)
L2 =(r+ krxx)×P+ (R + krxX)× p , (B9)
where (−kegr · P) may be the spin magnetic moment,
with the basis vector I0 . (−kegr × P) is the magnetic
dipole moment, while (kegr ◦ P0) is the electric dipole
moment.
Appendix C: Torque
The definition of octonion torque density in Eq.(11)
can be rewritten as,
W =−v0{i(Fg + kegFe)/v0 +}
◦(Lg + kegLe) , (C1)
further the octonion torque density in Eq.(12) will be
separated into two parts, Wg and We, according to the
basis vectors, Hg and He . That is,
W = Wg + kegWe . (C2)
In the quaternion space Hg, the part Wg in Eq.(13)
can be expressed as,
Wg = iW
i
10 +W10 + iW
i
1 +W1 , (C3)
where W i10 is the energy density. W10 is the divergence
of angular momentum density. (−Wi1) is the torque den-
sity. W1 is the curl of angular momentum density.
Further the above parts are expanded into,
W i10 =(g · L
i
1/v0 − b · L1)
−v0(∂0L10 +∇ · L
i
1)
+k2eg(E · L
i
2/v0 −B · L2) , (C4)
W10 =(b · L
i
1 + g · L1/v0)− v0∇ · L1
+k2eg(B · L
i
2 +E · L2/v0) , (C5)
Wi1 =(g× L
i
1/v0 − L10b− b× L1)
−v0(∂0L1 +∇× L
i
1)
+k2eg(E× L
i
2/v0 −B ◦ L20
−B× L2) , (C6)
W1 =(gL10/v0 + g× L1/v0 + b× L
i
1)
−v0(−∂0L
i
1 +∇L10 +∇× L1)
+k2eg(E ◦ L20/v0 +E× L2/v0
+B× Li2) , (C7)
where {−k2eg(E/v0) × (r ◦ P0)} is the torque term be-
tween the electric field intensity with the electric dipole
moment. {k2egB×(r×P)} is the torque term between the
magnetic flux density with the magnetic dipole moment.
{k2egB ◦ (r · P)} may be the torque term between the
magnetic flux density with the spin magnetic moment.
In the S-quaternion spaceHe, the partWe can be writ-
ten as Eq.(16), which is expanded into Eqs.(17)-(20).
Appendix D: Force
The definition of octonion torque density in Eq.(21)
can be rewritten as,
N =−{i(Fg + kegFe)/v0 +}
◦(Wg + kegWe) , (D1)
further the octonion torque density in Eq.(22) will be
separated into two parts, Ng and Ne, according to the
basis vectors, Hg and He . That is,
N = Ng + kegNe . (D2)
In the quaternion space Hg, the part Ng in Eq.(23) can
be expressed as,
Ng = iN
i
10 +N10 + iN
i
1 +N1 , (D3)
where N i10 is the torque divergence. N10 is the power
density. Ni1 is the force density. N1 is the torque deriva-
tive.
Further the above parts are expanded into,
N i10 =(g ·W
i
1/v0 − b ·W1)/v0
−(∂0W10 +∇ ·W
i
1)
+k2eg(E ·W
i
2/v0 −B ·W2)/v0 , (D4)
N10 =(g ·W1/v0 + b ·W
i
1)/v0
+(∂0W
i
10 −∇ ·W1)
+k2eg(E ·W2/v0 +B ·W
i
2)/v0 , (D5)
Ni1 =(W
i
10g/v0 + g×W
i
1/v0
−W10b− b×W1)/v0
+k2eg(E ◦W
i
20/v0 +E×W
i
2/v0
−B ◦W20 −B×W2)/v0
−(∂0W1 +∇W
i
10 +∇×W
i
1) , (D6)
N1 =(W10g/v0 + g×W1/v0
+W i10b+ b×W
i
1)/v0
+k2eg(E ◦W20/v0 +E×W2/v0
+B ◦Wi20 +B×W
i
2)/v0
+(∂0W
i
1 −∇W10 −∇×W1) , (D7)
where the energy gradient, (−∇W i10), is able to exert the
force on the ordinary matter, including the neutral or
charged particles etc.
In case the field strength is comparative weak, the
term, N1, can be degenerated approximately to,
N1/kp ≈−v0∇× p+ p0b+ g× p/v0
+k2eg{E×P/v0 +B ◦P0
+B× (v×P)/(kpv0)} . (D8)
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When N1 = 0 and there is only the gravitational
strength component b, the above will be reduced to
− v0∇× p+ p0b = 0 . (D9)
The linear momentum is, p = mv , for one neutral
particle. The velocity curl is, ∇×v = 2−→ω 1 , when k = 2.
And −→ω 1 is the precessional angular velocity. The above
will yield,
b = 2−→ω 1 . (D10)
It means that the gravitational strength component
b corresponds to the double of the precessional angular
velocity in the gravitational field when k = 2 . Meanwhile
the gravitational acceleration g corresponds to the linear
acceleration from Eq.(28).
When N1 = 0 and there is only the magnetic flux
density B, Eq.(D8) will be reduced to
− v0∇× p+ k
2
egB ◦P0 = 0 . (D11)
For one charged particle, there are, k2egP0 = qV0I0 ,
and p = mv . The velocity curl is, ∇× v = 2−→ω 2 , when
k = 2 . In the magnetic field B, the above is able to
infer the angular frequency of Larmor precession for the
charged particle,
ω2 = −Bq/(2m) , (D12)
where ω2 and B are the magnitude of
−→ω 2 and B respec-
tively. (V0/v0) is equal to 1 in general.
According to Eq.(D8), not only the gravitational ac-
celeration g but also the electric field intensity E has an
influence on the precessional angular velocity.
In the S-quaternion space He, the part Ne can be writ-
ten as Eq.(29), which is expanded into Eqs.(30)-(33).
1H. T. Anastassiu, P. E. Atlamazoglou, and D. I. Kaklamani,
IEEE T. Antenn. Propag., 51 (8), 2130 (2003).
2S. M. Grusky, K. V. Khmelnytskaya, and V. V. Kravchenko, J.
Phys. A, 37 (16), 4641 (2004).
3K. Morita, Prog. Theor. Phys., 117 (3), 501 (2007).
4S. Demir, M. Tanisli, and N. Candemir, Adv. Appl. Clifford Al.,
20 (3-4), 547 (2010).
5S. Demir and M. Tanisli, Eur. Phys. J. Plus, 126 (11), 115
(2011).
6J. G. Winans, Found. Phys., 7 (5-6), 341 (1977).
7J. D. Edmonds, Int. J. Theor. Phys., 10 (2), 115 (1974).
8F. A. Doria, Lett. Nuovo Cimento, 14 (13), 480 (1975).
9A. S. Rawat and O. P. S. Negi, Int. J. Theor. Phys., 51 (3), 738
(2012).
10V. Majernik, Adv. Appl. Clifford Al., 9 (1), 119 (1999).
11M. Gogberashvili, J. Phys. A, 39 (22), 7099 (2006).
12V. L. Mironov and S. V. Mironov, J. Math. Phys., 50 (1), 012901
(2009).
13B. C. Chanyal, P. S. Bisht, and O. P. S. Negi, Int. J. Theor.
Phys., 49 (6), 1333 (2010).
14S. Demir, M. Tanisli, and T. Tolan, Int. J. Mod. Phys. A,, 28
(21), 1350112 (2013).
15P. S. Bisht, O. P. S. Negi, and B. S. Rajput, Indian J. Pure Appl.
Phys., 24 (9), 543 (1993).
16P. S. Bisht, S. Dangwal, and O. P. S. Negi, Int. J. Theor. Phys.,
47 (9), 2297 (2008).
17P. S. Bisht, O. P. S. Negi, and B. S. Rajput, Int. J. Theor. Phys.,
32 (11), 2099 (1993).
18O. P. S. Negi, H. Dehnen, G. Karnatak, and P. S. Bisht, Int. J.
Theor. Phys., 50 (6), 1908 (2011).
19S. Dangwal, P. S. Bisht, and O. P. S. Negi, Russ. Phys. J., 49
(12), 1274 (2006).
20W. M. Honig, Lett. Nuovo Cimento, 19 (4), 137 (1977).
21Z.-H. Weng, Mod. Phys., 1 (1), 17 (2011).
